Abstract. We show that a DNA-based chemical system can be constructed such that it closely approximates the dynamic behavior of an arbitrary system of coupled chemical reactions. Using strand displacement reactions as a primitive we explicitly construct reaction cascades with effectively unimolecular and bimolecular kinetics. Our construction allows for individual reactions to be coupled in arbitrary ways such that reactants can participate in multiple reactions simultaneously, correctly reproducing the desired dynamical properties. Thus arbitrary systems of chemical equations can be compiled into chemistry. We illustrate our method on a chaotic Rössler attractor; simulations of the attractor and of our proposed DNA-based implementation show good agreement.
Introduction
Chemical reaction equations and mass action kinetics provide a powerful mathematical language for describing and analyzing chemical systems. For well over a century, mass action kinetics has been used to model chemical experiments, in order to predict and explain the evolution of the various species over time, and to elucidate the dynamical properties of the system under investigation. Chemistry exhibits complex behavior like oscillations, limit cycles, chaos or pattern formation, all of which can be explained by the corresponding systems of coupled chemical reactions [1, 2, 3] . While the use of mass action kinetics to describe existing chemical systems is well established, the inverse problem of experimentally implementing a given set of chemical reactions has not been widely considered. Many systems of coupled chemical equations appear to not have realizations in known chemistry.
Here we propose a method for implementing an arbitrary system of coupled chemical reactions using nucleic acids. We develop an explicit implementation of unimolecular and bimolecular reactions which can be combined into arbitrarily coupled reaction networks. In a formal system of chemical reactions such as a species may need to participate in multiple reactions, both as a reactant and/or as a product (species A, B or C) and these reactions need to progress at rates determined by the rate constants (k 1 , k 2 and k 3 ). This imposes onerous constraints on the chemical properties of the species participating in these reactions. For example, it is likely hard to find a physical implementation of the chemical reaction equations using small molecules, since small molecules have a limited set of reactivities. Information-bearing biopolymers such as proteins or nucleic acids provide a more promising physical substrate for implementing arbitrary chemical reactions. Nucleic acids have the unique advantage that interactions between different single-stranded species can be programmed since sequence determines reactivity through Watson-Crick base pairing.
In our DNA implementation, we assign each formal species (e.g., A, B, C, D) to a set of DNA molecules. In some instances it may be possible to map a formal species to a single oligonucleotide but more generally a single formal species will correspond to several DNA species in order to reproduce the correct kinetics. Effective interactions between the species are mediated by an additional set of DNA complexes. Since the underlying chemistry involves aqueous-phase nucleic acid hybridization and strand exchange reactions, arbitrarily large rate constants and concentrations cannot be attained. However, any system of coupled chemical reactions can be scaled to use smaller rate constants and concentrations without affecting the kinetics except by a scaling factor (see Section 6). While our constructions are purely theoretical at this point, they are based on realistic assumptions and provide a roadmap for future experiments.
In the next section we describe strand displacement reactions that will serve as the basic building block for our construction. In the following section we show how to implement arbitrary unimolecular reactions, and then extend our construction to cover bimolecular reactions. In the final section we give a demonstration of our approach by describing the implementation of a system due to Willamowski and Rössler [4] with 3 species and 7 reactions exhibiting chaotic concentration fluctuations. Numerical simulations of the original formal system and our DNA-based chemical reactions using realistic rate constants and concentrations are in good agreement.
Cascades of Strand Displacement Reactions
We use strand displacement reactions as the basic primitive for our constructions (Fig. 1) . Strand displacement has been found to be a flexible method for designing complex behaviors with nucleic acids including motors, logic gates, and catalysts [5, 6, 7, 8] . Although a strand displacement reaction involves multiple elementary steps, including a random walk process, it is well modeled as a second-order process for a wide range of reaction conditions [9, 10] . The effective rate constant of the second-order process is governed by the degree of sequence complementarity between the toeholds on the single-stranded species and on the partially double-stranded species [10] .
We have recently used strand displacement cascades to construct DNA-based logic circuits [6, 8] . Here we use some of the nomenclature and ideas from that
